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The analogue of simulated annealing is considered for time-inhomogeneous
evolutions of a von Neumann algebra of operators, whose instantaneous
generator at each time ¢ satisfies the quantum detailed balance condition with
respect to a faithful normal state which depends on time through a suitable
cooling schedule. Convergence to the (nonfaithful) limiting state is proved under
the usual kinds of assumptions. The approach is interesting in view of possible
applications to stochastic Ising models and to Boltzmann machines.
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1. INTRODUCTION

Simulated annealing is a stochastic algorithm to drive a fictitious physical
system to a state of minimum energy; it has been applied as a general-pur-
pose method to various kinds of global optimization problems, :11:20-2%29)
If the system is in state x at time #, a new state y is chosen in the
state space X with probability g(x, y)=¢qo(y, x). The energy difference
U(y)— U(x) is computed, and the system actually moves from state x to
state y with probability (conditional upon y being chosen) 1 if U(y) - U(x)
<0, and with (conditional) probability exp{-—pB(t)[U(y)— U(x)]} if
U(y)—U(x)>0. If f(r) were constant=f, iteration of this procedure
would drive the system to its Gibbs distribution corresponding to the
encrgy function U at inverse temperature . By letting (1) — oo as t > o
one hopes that the system will be eventually driven to a state of minimum
energy.

If one were to set f= +oo from the beginning, then only energy-
decreasing transitions would be allowed, and the system could end up in a
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local minimum of U which is not a global minimum. One may also
intuitively think that the probability of escaping (in a single attempt) from
a local minimum of (suitably defined) depth 4 when the inverse tem-
perature is f§ is of the order of exp(— Bd), and results of this kind can be
actually proved.'”'*) Then one must not reduce the temperature 1/5(¢) too
quickly (the system must be annealed, not quenched). In several
papers!!*!131719) it has been shown that a cooling schedule of the form
B(z)=(1/c)log(t+ 1), where c is a suitable constant (which may depend on
the paper) is sufficient to obtain approach to the set of states of minimum
energy; in ref. 17 a necessary and sufficient condition has been given.

The present paper grew out of an attempt to understand the paper by
Holley and Stroock.!"” There the proofs of convergence of the annealing
algorithm are based entirely on consideration of the Dirichlet forms
associated with the generators L, (f > 0) of the Markov semigroups deter-
mined by the transition rates

qp(x, ) =qo(x, y)exp{ —pLU(») - U(x)1,}  (y#x) (L)

In this attempt it was discovered that those proofs (at least those based on
estimates in L?-norm) carry over to the situation where the algebra of func-
tions on a finite state space X is replaced by a von Neumann algebra .#
of operators on a separable Hilbert space o~ with a cyclic and separating
vector ¢; the Gibbs distribution at inverse temperature § is replaced by the
state py on A determined by pg(A4)= {vy, Avg), where v, is given by

vp={<{d,exp(—pH) ¢>} > Jexp(—fH/2)$, H=H*e.l

J being the modular involution associated with the pair (., ¢); and,
finally, L; (f>0) becomes the generator of a (quantum) dynamical
semigroup’®*?) on ./ satisfying the (quantum) detailed balance
condition*"**) with respect to u,. This allows us to prove some results on
approach to equilibrium for time-inhomogeneous irreversible quantum
evolutions, thus extending the results of refs. 7, 8, 27, and 28 for quantum
dynamical semigroups.

It may be noted that those proofs are quite similar to the ones existing
in the literature concerning the Langevin algorithm,*%'>'% a variant of
simulated annealing involving diffusion in R? with decreasing temperature.

The potential interest of having a version of simulated annealing for
quantum dynamical evolutions is the following. What is now called a
Boltzmann machine™® is essentially a (finite) Ising model with Hamiltonian
of the form

H=—3% wyo,0,+Y 0,0, (1.2)
iJ J
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undergoing a sort of time-dependent Glauber dynamics.!> Ising models
and their Glauber dynamics have been often imbedded into quantum
systems“?®) evolving under quantum dynamical semigroups,®® and it is
hoped that the viewpoint of time-inhomogeneous quantum irreversible
evolutions may prove useful in this connection. It should be noted that, in
spite of the similarity of the name, this approach has nothing to do with
“quantum annealing,”®’ where the quantum tunnel effect is used in place
of thermal fluctuations to allow the state of a system to escape from local
minima.

The paper by Holley and Stroock!'?’ deals with a continuous-time
version of simulated annealing, with a cooling schedule 7+ (¢} given by
a differentiable function; the same is true for the papers on the Langevin
algorithm.®%12!4) T have found it more convenient to consider a piecewise
constant function f(r) with jumps. As a bonus, the method becomes
applicable to simulated annealing in discrete time, which is generally used
in applications. Potentially more important than the proof of approach to
a state of minimum energy is then an upper bound on the probability of
being away from the minimum after » iterations.

The paper is organized as follows. Some preliminary notions are
recalled in Section 2, where also the necessary notations are developed. The
general theory is described in Section 3 in abstract form. In Section 4
I apply this theory to the classical case, both in continuous and in discrete
time; one of the proofs, being technical, is deferred to an Appendix.
I describe the quantum case in Section 5; after a brief general discussion,
I concentrate on a special class of time-inhomogeneous evolutions of a
finite-dimensional matrix algebra, for which a complete parallel of the
discussion of the classical case can be given.

Some partial results on simulated annealing for time-inhomogeneous
quantum evolutions have been already described in ref. 9. Applications to
Ising-type models (or, more ambitiously, to Boltzmann machines) will be
given in future publications.

2. NOTATION AND PRELIMINARIES

Let .# be a von Neumann algebra of operators on a separable Hilbert
space ', with a cyclic and separating vector ¢. Denote by u the faithful
normal state on .# defined by u(A) := {¢, A¢>, Aec #, by {0, teR} the
associated modular automorphism group, and by J the modular involution
on 4 associated with the pair (#, ¢). For the sake of notational clarity in
applications, the norm of .# will be denoted by | .||, whereas the norm of
A" will be denoted by | -|,. Although .# will be finite-dimensional and u
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will be a tracial state in most applications, the proofs in this and the
following section do not depend on these assumptions.

Let H be a self-adjoint element of .#. In order to avoid trivialities, it
will be assumed that H is not a multiple of the identity. Define a
family {uz:fe[0, o)} of faithful normal states on .# as follows. Let
{V(B): B [0, )} be the semigroup of self-adjoint bounded operators on
A" defined by

V(B):= Jexp(—pH)J,  Be[0, ) (2.1)
Note that V() belongs to the commutant 4" of .#. Let also

Z(B) := plexp(—BH))=<¢,exp(—BH) ¢ =<4, V(B)¢> (22)
for all B in [0, co). Then define u; on .# by

pp(A) = Z(B)~" <V(B) ¢, Ag>
=Z(B)~' <V(B/2) ¢, V(B/2) Ad>
=Z(B)~' <V (B2) ¢, AV(B2) ¢>,  AeM (23)

In the special case that H is invariant under a,-, i reduces to

pp(A) = p(A4 exp(—BH))/u(exp(—fH)) (24)

Note that pug=p.

The GNS representation of .# associated with u; can be identified
with the identity representation of .# acting on X7, with cyclic and
separating vector

vg = Z(B)~'? V(B/2) ¢ (2.5)

A normal state p’ on .# is majorized by a scalar multiple of y if and only
if it can be expressed in the form

W (A)={JBJvg, Avg), Ae (2.6)
where B is a positive element of .# satisfying

(JBJvg, v5) =Z(B)~'<exp(—pH/2) ¢, Bexp(—pH/2)¢)=1 (2.7)

By adding to H a suitable constant, which drops out in the expression
of ug, we may (and do) assume, without loss of generality, that H is non-
negative and that the infimum inf o(H) of its spectrum o(H).is 0. Then,
upon letting /4 := | Hj, we have

{0, h} So(H)< [0, h] (2.8)
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We shall also assume that the limit
pao(d) = lim () (29)

exists for all 4 in .#, so that it defines a state y,, on .#, not faithful (in
general), and not necessarily normal. A special case in which the limit (2.6)
exists and defines a nonfaithful, normal state is the situation in which
0=1info(H) is in the point spectrum ¢ ,(H) of H; then we have

to(A)=(Pog, APy 5/ Pog, Pop> (2.10)

where P, is the projection onto the eigenspace of H corresponding to the
eigenvalue 0.

All the considerations of the present section could be extended to the
case where H is a nonnegative, self-adjoint, unbounded operator affiliated
with .#; however, we shall need the boundedness of H in the next section.

For each f in [0, w0), let Ly be the generator of a uniformly con-
tinuous semigroup {T#:7e R*} of completely positive, identity-preserving
normal linear maps of .# into itself (a dyramical semigroup on .#). Assume
that the detailed balance condition-*">>)

up(AL(B)) = pg(Lg(A) B), A, Be # (2.11)
holds. Then we have also
ug(ATE(B)) = uy(TH(A) B), A Bed; teR™ (2.12)
The above equality is equivalent to
CV(B/2) A*, V(B/2) TH(B) ¢ > = {V(B/2) TT(A*) ¢, V(B/2) B>  (2.13)

In particular, g is invariant under 7%,
We define the operator S# on A" by

SPLV(B/2) Ag]:= V(B/2) T/(A) ¢,  Aed (2.14)
which extends to a contraction on X, since V(§/2) #¢= A and
ISELV(B/2) 44113
= {V(B2) TH(A) 6, V(B2) TH(A) ¢
= Z(B) pup(TH(A*) TF(A4))
< Z(B) up(TH(A*A))
= Z(P) pp(A*A4)
= IV(B/2) A9l3 (2.15)
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where we have used the Kadison-Schwarz inequality for the completely
positive map 7' and the invariance of y, under T%.

Equation (2.13) tells us that ¥ is self-adjoint in . It is clear from the
definition (2.14) that {S#:1eR*} is a semigroup, and also its strong con-
tinuity in ¢ is easily proved. Then there exists a nonnegative self-adjoint
operator G, in %" such that

St =exp(—Ggt), teR” (2.16)
The dense subset V(f/2) 4 ¢ of A is a core for G4, and we have
GpV(B/2) Ap= —V(p/2) Ly(A) ¢, Ae H (2.17)
The Dirichlet form Ejg(-,-) associated with G, is given by
Ey(A, B)= —Z(B)~'<{V(B/2) Ap, V(B/2) Ly(B) ¢ >
= —pg(A*Ly(B))
= $us(D4(A4, B)), A, Be 4 (2.18)
where Dy(-,-) is the dissipation function® of L, defined by
Dy(A4, B) := Ly(A*B)— Ls(A*) B— A*Ly(B) (2.19)
Let us make the following spectral gap assumption.'® Let
I'(B) := inf{Eg(4, A): Ae M, ug(A)=0, ug(A*4)=1} (2.20)
so that
Ep(d, 4)) > T(B) gl [A— pp(A)1* [A—ppA)]), A (221)

It will be assumed that [(f) is strictly positive. This implies that the
eigenspace of G4 corresponding to the eigenvalue 0 is one-dimensional [the
multiples of V(8/2) ¢], and that the rest of the spectrum of G, is contained
in [1I'(B), + ).

It is often the case in applications that L, has a limit L, as § — oo,
and that L is the generator of a dynamical semigroup on .#, admitting
U as an invariant state; however, in general no spectral gap condition will
hold for L, and the invariant state for L will not be unique, in general.

3. SIMULATED ANNEALING

In the present context, simulated annealing is the following procedure.
Let {B,:k=1,2,.} be an increasing sequence of positive numbers (inverse



Simulated Annealing 331

temperatures), diverging to +oo, let {7,:k=1,2,..} be a sequence of
positive numbers (times), and consider, for all positive integers n, the
expression

(IBJug, THTH - TE(A) vy >, Ae H (3.1)
where B is a positive element of .# such that
{JBJvg, vg,> =1 (3.2)

(3.1) is the expectation value of the observable 4 € .4 in the state evolved
from the initial state {(JBJvg,(-)vs > under the time-inhomogeneous
evolution determined by Ly, in the time interval

k
(Sx 15 8¢], where s, 0= Y 1, fork=1,2,.,n.
Jj=1

The question is whether the limit of (3.1} as n— oo exists and equals
Hoo(A).

The problem will be rephrased in the Hilbert space ¢, introducing
some shorthand notation. For each positive integer %, define self-adjoint
operators Sy, R, ., on A by

S, = ka" (3.3)
Rirsri= Z(ﬁk)_l/2 Z(ﬁk+1)l/2 V((Bk+l—ﬁk)/2)_l (3.4)

and vectors v, u, in A" by
ve = Z(B) P V(Bi/2) p=wvy, (35)

uk L= SkRk—],k..'SZRl,ZSIJBJUI (3.6)
(uy:= S,JBJv,)

Lemma 3.1. With the above notation, (3.1) can be rewritten as
<San7 1,n°"° S2R1,ZSIJBJ1)19 Avn> = <una Avn> (37)
Proof. Forj=1,.,n—1 let

A= TOI T TP A)e sl (3.8)

G+l f+2
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Then
(3.1) = (JBJvg,, TP(A,) vy, > [by (3.8)]
=Z(B,)"'*(JBJvy, T A) V(B1/2) ¢ [by (2.5)]
=Z(B,) " <JBJvy, V(B,/2) THNA,) 6
[since V(f,/2)e A']
=Z(B,)~"? (JBJvy, STV(B1/2) A1 4> [by (2.13)]
=Z(B,) "2 {V(B1/2) S, JBJvy, A4y [by(3.3)]
=Z(By) "' {V(Bof2) Ry 281 JBJvy, A1) [by (34)]
=Z(B,) """ (R 2S1JBJvy, V(B2/2) THH(A5) 65

[by (3.5) and (3.8)]. Now we are ready to apply (2.13) once again. The
argument can be repeated as many times as needed, to be concluded as

follows:

(3-1)=Z(B,) "2 (Ry_1n- - SaRy 28 JBIvy, V(B,/2) TiH(A) ¢
=Z(B,)" " (Ry_yn-- SR 28, JBJvy, ST V(B[2) Ad)
=Z(B,) ™" (SuRu_ 1, S2 Ry 281 TBTv,, V(B,/2) Ad)
={S,R,_1 SR, ,S,JBJv;, Av,>

as claimed. |
It is clear that we have to control the differences
[<u,, Av, ) — (v, Av, )|
< uy=vall2 4o,

= lup—vullo up(A* )7, A (3.9)

Lemma 3.2. Forall n=1,2,.. we have

i, 0,9 =1 (3.10)

and for all n=2, 3,.. we have also

<Rn—1,nunflsvn>=1 (311)
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Proof. For n=1 we have {u;,v,>={S,JBJv;,v,» =1, since S, is
self-adjoint and leaves v, invariant, and (3.2) holds. For n>1 we have
u,=S,R u so that

n—1n%n—1»

<un’ Un> = <un—1’ Rnfl,nSnvn> = <un—13 Rnfl,nvn> = <un*1a Un7]>
Then (3.10) follows by induction. We have also
<Rn~1,nun71> Un> = <unvl7 Rnfl,nvn> = <un71> Un-—1>= 1 l
Lemma 3.3. Forall n=2, 3,.. we have
Hun_vnHZ
< exp[—I(B,) IR, -y ull - Nty -1 — v, illa+0,1)  (312)
where
bn—l = “(Rifl,n”—l)vrz“
={||Rn71,nvn41“§—1}1/2
={Z(2B—1— B Z(B) Z(B, ) > — 1} (3.13)

We have also

lu, —vill,<exp[—1(B,) t,] IJBJv; — vy, (3.14)

Proof. We have
U,—v,= SanA 1,)1”71—— 1~ U= Sn(Rnf l,nunA 17 Un)

By Lemma 3.2, R,_, ,u,_, —v, is orthogonal to v,. Then, by the spectral
gap assumption, we get

lup—v,lla<exp[ —T(B,) 1,1 IR, 1 ity 1 — 0,42
In turn, we have
IRy 1 nttn— 1= Uall2
< ”Rn-—l,n(un—l_vn—l)HZ+ Ian-I,nvn—l—UnH2
SRyl - Nty oy =00yl + 6,y
where

bnfl = HRnfl,nUn—l _Un||2= “(erzfl,n_ 1) Un“Z
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It remains to prove that b,_, can be rewritten in the alternative forms
appearing in (3.13). This can be obtained by a straightforward computa-
tion of b2 |, recalling that <v,,v,>=1 for all n and using the explicit
expression of R, .’

Finally, the proof of (3.14) is immediate from the observations that
uy=S,JBJv,, v;=S,v,, and {(JBJv,—v,),v,>=0. |}

Let us now introduce some additional notation (we recall that
h:=|H|). Let

a =TIy (3.15)
a:= T(Be) te— Be—Bi_ ) b2, k=23, (3.16)
by := |JBJv,—v,], (3.17)
b= {ZQ2B,~ s ) Z(B, ) Z(B) -1} r=1,2,

[ the same as (3.13)]
d, = |lu,—v,l,, n=1,2,. (3.18)
Lemma 3.4. With the above notation, we have, for all n=1, 2,...,
n—1 n
d, <y, exp(— Y ak> b, (3.19)
r=0 k=r+1

Proof. Since H is assumed to be nonnegative, Z(f) is a non-
increasing function of g, so that Z(8, )~ '*Z(B,)**<1 and

1R, —1,ull < lexpL(Bn— B, 1) H/2]|| = exp[(B,— B, 1) h/2]

Hence (3.12) of Lemma 3.3 can be rewritten as
dn < exp( _an) dnfl + exp[ -F(Bn) [n:] bnfl
which implies also
dnsexp(—an)(dn71+bnAl) (320)

since a, < I'(B,) t,.
For n=1, (3.19) holds, since it reduces to (3.14) of Lemma 3.3. Using
(3.20), we can easily prove (3.19) by induction. |

Theorem 3.5. Suppose that there exists a constant C, 0<
C < +o0, such that

n—1 n
> exp <~ Y ak> b,<C  formsufficiently large  (3.21)

r=0 k=r+1
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Let Ae.# be such that u(4*4)=0. Then

lim (JBJvy, THTH ... Th(A) vy > =0 (322)

n—C

Proof. By Lemma 3.1, Lemma 3.4, (3.9), and (3.21), we have
|<{JBJvg,, Tf’ll Tf’; o TH(A)vg > — pp (A) < Cup (A*A4)'7? (3.23)

By assumption, u,;(4*A) [hence also ug(A4)] converges to 0 as n - .
The result follows. ||

The above theorem corresponds to a result of Holley and Stroock,®
implying that, under assumption (3.21), the probability that the time-
evolved state has energy strictly above the giobal minimum vanishes in the
limit as ¢ — 0.

It is important that C can be chosen as small as possible. In this
respect, note that the b, for > 1 are small if the inverse temperature is
increased slowly, whereas b, depends on the initial state and not on the
cooling schedule, and can be large. For example, we shall see in the
following section that in the classical case, where one tries to minimize the
energy function on a finite state space with N points, b, is of the order of

N'2, Hence, in order to have the possibility of choosing C small, we must
have(10,13,14,17)

Y ap— +o as n— +0o0o (3.24)
k=1

Under some stronger assumptions on the sequences {a,} and {b,},
one can show that the annealing algorithm converges to the uniform
distribution on the set of global minima of H. As an illustration of the kind
of results that can be obtained, one can prove the following.

Theorem 3.6. Assume that

ayza>0 for all & sufficiently large (3.25)
b, -0 as r— w (3.26)

Then
lim {JBJvg, Tﬁng2~--Tﬁ"(A) Vg, = foolA) (3.27)

for all A e.# and for all B such that {JBJvg,, vg > =1.
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Proof. By (3.9) and (3.18), it suffices to prove that d, —» 0 as n — .

Indeed, let

ro:= max{k:a,<a}

o

Ay:= max{ Y (a——ak):r<r0,0}

k=r+1

Then, for all n=1, 2,..., and for all r=0,.., n—1 we have

exp(— i ak><exp(A0)exp[~(n—r)a]

k=r+1
and, by Lemma 3.4,

n—1

d,<exp(4y) Y. exp[—(n—r)alb,

r=0

Since b, —+0 as n— oo, for each positive o there exists n; such that

(0<) b, <6 for n>ny. Then, for n>n; we have

ny—1

d,,sexp(Ao){ Y expl—(n—r)alb,

r=0

+96 ni exp[~(n—r)a]}

ns—1

_ exp(Ay) {exp[—(n—n(;)aj S exp[ —(n,~r)a] b,
r=0

n—n,

+6 ) 5 exp( —ka)}

k=1

ng—1

<exp(A,) {exp[~(n—na>a1 S expl—(ns—r)alb,

r=0

+0/[1 ——exp(—a)]}

In the limit as n—oo for fixed ns, (3.28)
S exp(A,)/[1—exp(—a)]. Since 6 was arbitrary, the result follows.

(3.28)

tends to

Remark. 1t seems that the above approach can be adapted to a more
general situation in which H is not fixed, but changes at ecach step (say,
b = exp(—BeH/2) $/<¢, exp(— L Hy) >, {H,} being a sequence of
self-adjoint. elements of .#), provided suitable assumptions hold. This
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should provide a technique for proving convergence of “estimation and
annealing” algorithms, as in ref. 31, This problem, which is of interest for
applications to Boltzmann machines, is currently under investigation.

4. APPLICATIONS: THE CLASSICAL CASE

Let .# be the algebra of all complex-valued functions defined on a set
X having a finite number N of points, equipped with the supremum norm
|f]l := sup,ey | f(x)], fe#. Let u be the normalized counting measure
on X, u(x):= 1/N for all x in X, and let #" be the Hilbert space L*(X, du).
A" coincides with .# as a set, and its norm |||, is given by

WB=<A =] =g T If@F fex

xeX

We denote again by p the faithful state on .# defined by

W= fdu=s T S0=<hSb,  Sed

xeX

where ¢(x)=1 for all x. The modular automorphism group is trivial and
the modular involution is just complex conjugation.
Let U: X -» R be a function, and let He .# be defined as U —min U,

so that h:= |H|=max U—~min U. For all § in R*, we have, from
Section 2,
[V(B) f1(x)=f(x)exp[ — BH(x)/2] (4.12)
Z(ﬂ)—— Y. exp[—pH(x)] (4.1b)
m) =z 2 S0 expl—BH()] (4.10)
Uﬂ(x):Z(ﬂ)71/2 exp[ —fH(x)/2] (4.1d)
1= 5707 Z /) (4.10)
where
S:= {xeX: U(x)=min U} (4.2)

is the set of global minima of U, and where NZ(o0) := limg , , NZ(f) is
the cardinality of S°.
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As initial state, one usually considers a situation in which the system
is in some arbitrary configuration x, with probability 1; this can be
described by

W)= flxo)={JBJuy, fo,5,  feM (4.3)
where B is the multiplication operator defined by
B(x):= 0, NZ(B;) exp[f, H(x)] (4.4)
The ||- [ ,-norm of the vector uy:= JBJv, (=Bv,) in A is given by
luoll=[Z(By) N1'? exp[B1 H(x,)/2] (4.5)

For each positive, real f, let g4(-,-) be a transition probability func-
tion on X, i.e.,

qﬁ(xsy)zo, xayEX7 z qﬂ(xsy)zls xeX

rveXx
Let us make the following assumptions:

(i) Irreducibility. For each fe (0, ), g4(-, ) is irreducible, ie.,
for each x, ye X, there exists a positive integer » such that the matrix
element ¢§”(x, y) of the nth power of the matrix g,(-, -) is strictly positive;

(ii} Detailed Balance. For each fe (0, c0),
exp[ —BH(x)] gp(x, y)=expl—BH(y)]1 qp(y, x), x,yeX (46)

(iii)  “Uniformity”. For any x, yelX, either g,(x, y)=0 for all
Be (0, 0), or oy <max{gu(x, ¥), g5(y, x)} <a,, where o), «, are strictly
positive constants, independent of x, ye X, e (0, «0);

(iv) Continuity. The function i g4(-, ) is continuous and has a
limit ¢ ..(-, -) as f — oo. [Note that g (-, -) is not irreducible if U has local
minima which are not global minima. ]

Two examples satisfying all the above assumptions are given below.

Example 1 (The usual one). Let a symmetric, irreducible transition
probability function g(-, -) be given, and let

qs(x, ) := qo(x, y)exp[—B(U(y)—U(x)) ], x#yeX (47)

where, for any real-valued function g, (g(x)) ., := max{g(x),0};

gplx, x) =1~ 3% qux, y) (4.8)

YiyFEX
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Example 2 (As in refs. 11 and 18). Let g4(-,-) be a symmetric,
irreducible transition probability function with g4(x, x) =0 for all x, and let

ap(x, y) = qolx, {1 +expl U - U} x#yeX  (49)

gpx, x):=1—3%  qux,»)

yYiyvF#Ex

= ). qolx, »){1 +exp[—B(U(y) = U(x) 1}~ (4.10)

veX

For each f in (0, co ], define the maps Q4 and L; on .# by

(QpN)x)i= Y qp(x, ) fly)  Sfed, xeX (4.11)
(L)x)i= 3 g5l M) —S(x)],  Sed, xeX (412)

Note that the term with y=x drops from the summation (4.12) and that
L;=Q,—1, where I is the identity map.

By (4.6), L, satisfies the detailed balance condition with respect to .
The corresponding Dirichlet form is most easily obtained through (2.19); it
is given by

Es(fig)= Y eplx, »)LA(x)—F(»)1Lg(x)— g(»)] (4.13)

x,yeX
where

egx, y):

= anzep) SPLBH ap(x p) = ey, %), x ye X (414)

The simulated annealing procedure of Section 3 can be described as
follows. Let {s,: k=0, 1,2,..} be an increasing sequence of positive num-
bers, with 5,=0, let 7, := s, —5,_, k=1, 2,..., and let f(s) be a monotoni-
cally nondecreasing function (the cooling schedule) defined on (0, o0), with
B(s)— oo as s — oo, which takes on a constant value f, on each interval
($x_1,5:] of length #,. Let {P_,:0<s<teR} be the solution of

d

Eps,tf:Ps,lLﬂ(t)(f)’ fe'ﬂ (s, t#5,) (415)

with Iim, ,, P, ., =P, =1 for all s [including the s, where s> B(s) is
discontinuous ]. Let also p, (x, ¥), x, y€ X, be such that

(P S)X)=2 podx, ) f(y),  fed, xeX (4.16)

yveX
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Then the simulated annealing algorithm can be described by a Markov
process {Y,:teR™*} such that, for all 0<¢, < --- <t,eR and 4,,.., 4,
subsets of X, one has

Prob[Y, €4, Y, €4,,.,Y,€4,]

=Y ¥ Y PouXo YD) Pl Vi ¥ Pu ok Vas 1> V)

y1edl y2e Az yn€ An

(4.17)

By irreducibility, the Markov semigroup T# generated by L, has only
the constant functions as fixed points. Since %" is of finite dimension, the
spectral gap assumption holds. An estimate of the constant I'(f8) has been
given by Holley and Stroock®’ in the following way. For each pair x,
yeX, a path p” from x to y is a finite sequence {py’, p’,... P’}
[rn=n(x, y)] such that p§¥=x, p? =y, and q4(pi’ ,, p)>0, k=1,.,n
[by assumption (iii) the last inequality holds for all € (0, co) or for no #].
By irreducibility, the set of paths p* from x to y is nonempty for any x,
yeX. Let, for x, ye X,

m(x, y) = min{(mflx {H(p?)})— H(x)— H(y): all paths p™}  (4.18)

and let

m := max{m(x, y): x, ye X} (4.19)

If x, y are such that m(x, y)=m, then either x or y belongs to the set S°
of global minima of U."*) Then m coincides with the maximum depth of
a local minimum which is not a global minimum, as defined in ref. 17. The
following theorem, proved in the Appendix, is a slight generalization of
Theorem 2.1 of Holley and Stroock."”

Theorem 4.1.%) Under assumptions (i)-(iv), there exist two
strictly positive constants 1"y and I, such that

e < I(B)<Tye om (4.20)

In the following it will be assumed that m is strictly positive, otherwise
there would be no point in using simulated annealing. In analogy with the
literature, I shall consider a cooling schedule of the form

B(si) = (1/c)log(s, + 1), k=1,2,. (4.21)
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¢ being a (large) positive constant, which can be read in at least two
convenient ways:

(@)  si=k, =1

Be=P(s)=(1/c)log(k + 1), k=1,2,. (4.22)
(b) Be=P(sk)=k,  sy=exp(ck)—1
ty=38,—5,_;=exp(ck) [1—exp(—c)], k=1,2,. (4.23)

Taking into account (4.15) and writing just I for I';, we have in case (a)
ap = Tk=™°— (h/2c)[log(k + 1) —log k]
> Tk —(hj2c) k! (4.24)
and in case (b)
a,=Te" ™1 —e ) —h)2 (4.25)

Theorem 4.2. Suppose that assumptions (i)—(iv) hold. Then in
case (a) the assumptions of Theorem 3.5 hold if ¢>m, so that, for any
initial state x,, we have

lim Prob[Y,e X— S°]=0 (4.26)

I — 0

Proof. If ¢>m, then k'~™° diverges as k — +oo. Fix a constant
a>0, and choose k large enough to have

k' =" > (a+ hf2c)/T

so that
a,=alk for klarge enough (4.27)

On the other hand, from Lemma 3.3 we have the bound

br< HRir-fl_ 1”

=Z(B,) " Z(B, 1) exp[ (B, —B) h]—1
<expl(f,+1—B)h] -1

since Z(f) is a nonincreasing function of f (see the proof of Lemma 3.4).
By (4.24) we have f,,,—B,<1/[(r+1)c]<1/(rc), so that, letting
b := 2h/c, we obtain the bound

b, <exp(hfrc) — 1< br~! for rlarge enough (4.28)
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From (4.27) and (4.28) one can obtain the bound of the form (3.21)
which is needed for Theorem 3.5. I present the argument as it would be if
(4.27) and (4.28) were known to hold for all positive k and r; the general
case can be handled with some extra complication. We have

n—1 n
Y exp(— Y ak> b,
r=0 k=r+1

n n—1 n
< boexp(——a Y k1>+b y r“exp(—a Y k‘1> (4.29)
k=1 r=1

k=r+1

The first term on the rhs of (4.29) tends to 0 in the limit as » — oo since
> k! is divergent (note that this removes the dependence of the error
on the initial condition). The second term is bounded, by Lemma 2.1 of
ref. 10, or by the following explicit evaluation: Since

Yok! >F x~'dx=log(n/r)

k=r+1
we have

n—1 n
by r‘lexp(—a Y k“)
F=1 k=r+1

n—1

< (b/n) ni (n/r)~" exp[ —alog(n/r)]1=(b/n) ), (r/n)*~"

= r=1

n - O

1
~ bj X' dx=bja=2hjac | (4.30)
0

Theorem 4.3. Suppose that assumptions (i)-(iv) hold. Then in
case (b) the assumptions of Theorem 3.6 hold if ¢>m, so that, for any
subset 4 of X and for any initial state x,, we have

lim Prob[Y,e A] = card(4 n §°)/card(S°) (4.31)

1 —> 0
Proof. Fix a constant a>0 and choose k large enough to have
eke=m > (a4 hf2c)/I(1 —e ™)

Then a, = a for k large enough. To prove that b, — 0, we consider, from
(3.13),

b,=[ZQ2B, =B, ) Z(B,1 1) Z(B,) 2 —1]"7
=[Z(r—1)Z(r+1)Z(r)"2—1]"?
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which tends to 0 as r — oo since Z(r) tends to a finite limit [card(S°)/N]
asr—o0. |

I conclude this section by sketching how the foregoing arguments have
to be modified to become applicable to the case of discrete time. Consider

lim (05,0, Q4 (/) (432)

where now {7, } is a sequence of positive integers, and where 0, is given
by (4.11). The annealing algorithm for discrete time is described by a
Markov chain {Y,:¢=0,1,2,..} with Y,=x, and with transition (ie.,
conditional) probabilities given by

Prob( Y, =yl Y, 1 =x]=qpu(x »), x yeX (4.33)

Since now we are dealing with iteration of maps at discrete time instants,
we must get rid of possible periodicities. To this end, let us assume, in
addition to (i)-(iv), the following condition:

(v) Aperiodicity. For each fixed f in (0, o], the Markov chain
determined by the transition map @ is aperiodic.

In the cases of Examples 1 and 2 above, condition (v) may be already
implied by assumptions (i)-(iv); however, I do not investigate this matter
here.

Theorem 4.4. Suppose that assumptions (i)-(v) hold, and consider
the simulated annealing algorithm for discrete time, with a cooling schedule
of the form (4.21), with ¢>m. Then, for any initial state x,, we have in
case (a)

lim Prob[Y,e X—S°]=0 (4.34)

{— 0

and in case (b), with 7, given by the smallest integer which is not smaller
than exp(ck)[1 —exp(—c)],

lim Prob[Y,e A]=card(4 n S°)/card(5°) (4.35)

[ e o]

Proof. We may view Qg (f (0, 0]) as a positivity-preserving linear
operator on .#. Since Qg(1)=1, the spectrum of O is contained in the
closed disk of unit radius, and the only eigenvalue having absolute value 1
is +1 (if not, the corresponding Markov chain would not be aperiodic). If
we now define

Si(f exp(—=piH/[2)) := Qi (f) exp(— B H/2) (4.36)

822/58/1-2-23
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we note that, as before, S, is self-adjoint by (4.6). The eigenvalues of S, are
the same as the eigenvalues of O} : then the only one having absolute value
1is +1, which is simple. The spectral gap I'(f) is the second eigenvalue
of —Lgs=I—(Qp, and tends to 0 as f— co. Eigenvalues of Qg cannot
accumulate toward —1 as f — oo; if not, @ would have the eigenvalue
—1. Then, for f large enough the eigenvalue of S, with absolute
value nearest to 1 is [1—TI(f,)]* which is not larger than
[1—Texp(—ppm)]™

Then all the arguments of Section 3 can be repeated, with the only
modification that now a, is given by

ae = 1 [logll =L (B) ]l = (Be— Br—1) h/2 (4.37)

In the limit as §— oo, I'(f) tends to 0 and [log[1— I'(B)]] is asymptotic
to 7(f); then we can repeat essentially the same arguments as in
Theorems 4.2 and 4.3, to obtain the desired result. ||

The present results (the same as in ref. 19) are weaker than the conclu-
sion of Hajek!” that a necessary and sufficient condition for (4.26) to hold
is that (in the present notation) 3", exp(— f,m) = + o0, which is implied by
(3.24). In particular, ¢ =m ensures convergence. Hajek does not even need
detailed balance, but only a much weaker reversibility condition. However
the present approach, following ref. 19, has the advantages of providing
bounds on the errors and of being easily adaptable to other situations
(actually, it is quite analogous to the approach of the authors who have
worked on the Langevin algorithm%1%!%); see in particular Gidas"* for a
discussion which is very similar to the present one).

5. APPLICATIONS: FINITE QUANTUM SYSTEMS

Let .# be the von Neumann algebra #(#;) of all bounded linear
operators on a separable Hilbert space #;. Let 2 be the Hilbert space of
all Hilbert-Schmidt operators on 4, with scalar product

{u, v 5 1= Try [u*v], uveAX

Then .# may be identified with its left regular representation n(.#) acting
on A as

w(AYu:= Au, Aed, ueX

A faithful normal state g4 on .# is determined by a positive trace-class
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operator on 3, with unit trace and with densely defined inverse. Denoting
by ¢ (€4") the positive square root of this operator, we have

WA)=Try[¢9?A] =<4, A, Al
The modular automorphism group ¢, is determined by
o (A)Y=¢*"A¢™*",  AeH, teR
the modular involution J is the involution (*) on ', so that
JAJBY = BpA*, A, Be H

In the following, all scalar products will be understood in ¢ and all traces
on .

Let H be a self-adjoint element of .#, let 4 :=| H|, and assume that
{0,h} =co(H)= [0, h]. From Section 2 we have, for all positive, real $,

V(B) u=uexp(—fH/2), ueA (5.1a)

Z(B)= ¢, exp(—BH) ¢ > =Tr[$* exp(—pH)] (5.1b)
up(A)=Z(B)~" {p exp(—pH), A¢)

=Z(B) ' Tr[pexp(—BH) ¢pA], Aed (5.1¢c)

vp=Z(B)"'"* ¢ exp(—pH/2) (5.1d)

For the sake of simplicity, we shall assume that ¢ and H commute, so

that vy=v} (=Jvg), us(4)=Tr[v;A4] for all 4, and the modular
automorphism group ¢* associated with y s =<vg,-vg) is given by

ol A)=v}'Av;*,  Aeu, teR (5.2)

If ' is any normal state on .#, we have u'(4)=Tr(pA), Aec.#, where p
Is a positive trace-class operator with unit trace (a density operator) on .
We may formally write

#(A)=Tr(vy 'pAvs) = {pog ', Avg)
= (JBJvy, Avg>,  Ae M (53)

where B := vﬁ’lpvﬂ*l; for a dense set of normal states, B is indeed a boun-
ded operator (an element of .#).

We recall from refs. 1 and 21 the general form of the generator L, of
a quantum dynamical semigroup T* on .# = () satisfying the quantum
detailed balance condition with respect to the state u; with density
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operator v;=Z(f)~" ¢ exp(— pH) ¢, omitting the skew-symmetric Hamil-
tonian part (as in ref. 25). We have

Ly(A)=Y {((V}AV,~3[V}V,, 41,)
j
+exp[ —u(B)I(V,AVF =3[V, VF A]L)}),  Aed (54)
where [B, A], := BA+ AB, and where the Ve #, o,(f) € R, satisfy

vy Wk =expl—a BV, j=1,2,. (5.5)

The series in (5.4) are convergent in the ultraweak topology. The
corresponding Dirichlet form can be most easily computed through the dis-
sipation function Dy of (2.19). Recalling the expression of D from ref. 22,
we get

Ey(A, B)

= 22 {up(LV;, AT* [V, B]) +expl—o(B)] LV, A1* [V}, B])}

LY {ug [V AT* [V, B]) + pplLog Vo ', AT* [0, Vv, ', BY))
/ (5.6)

It is also interesting to give the explicit form of the nonnegative self-adjoint
operator G, on 4 such that S* =exp(— Ggzt). For all u in the dense subset
Mvg of A we may write

Gﬂungu—G},u (5.7)
where

Ggui= 33 (V}V,+Jo; ' V2 Vies ' J
7
+vﬁ“1VvﬁV* +JV*VJ)u
=3y {(VFViutuVrv) +expl—a(B)1(V,V u+uV,VF)} (58)
J
and where
Gpui= 5y (ViJog 'Viogd + VF¥Jo Vv 'J
J
+og ' VoopdVJ+vg Vi, IVE) u
=Z exp[ —a,(B)/21(VFulV, + ViuV*) (5.9)
J
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The state u, is invariant under T/. Recall from ref. 7 that it is the
unique T*-invariant normal state and that

weak-lim p'-T#= up for all normal states y' on .4 (5.10)

t— 0

if and only if
(V,VFEj=12.}1"=4d (5.11)

This condition amounts to saying that the eigenspace of G4 corresponding
to the eigenvalue 0 is one-dimensional (spanned by v;), and is a necessary
prerequisite for the existence of a spectral gap I'(f)>0 as in (2.20). In
the present paper I shall not be concerned with the general problem of
finding conditions ensuring the existence of I'(f)>0 and estimates on its
dependence on . When 4 is finite-dimensional, we have I'(§) > 0 if and
only if (5.11) holds; then the theory of Section3 can be applied.”’
Estimates for the spectral gap of a generator satisfying the quantum
detailed balance condition for some models of infinite quantum systems
have been considered in ref. 30 and references quoted therein in connection
with the problem of critical slowing down.

In the remainder of this section I shall describe how a (fictitious)
quantum system can be associated to a problem of classical simulated
annealing as in Section 4, and 1 shall estimate the spectral gap for the
corresponding class of generators. .

Let X be a finite state space with N points, and let U: X — R be a func-
tion to be interpreted as energy. We may suppose that points x in X are
arranged in a definite order, such that U(x) < U(y) implies x < y. Associate
to X the Hilbert space # = C", spanned by the canonical orthonormal
basis, denoted as {e,:xeX}. Then .# = Z(#4;)=M(N, C) is spanned by
the matrix units {e,,:x, ye X} such that e e, =0d,e.. Let ¥ be M(N, C)
equipped with the scalar product {(u, v)=Tr[u*v], and let ¢ := N "1,
so that y= (¢, -¢ > is the normalized trace. The algebra of complex-valued
functions defined on X can be embedded isomorphically into the sub-
algebra @ of .# consisting of all diagonal matrices; the embedding,
denoted by D(-), is given by

D(f):= ) f(x) e (5.12)

xeX
Define H in .# by
H:= D(U—min U) (5.13)
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Then the state u; is given by
up(A)=Trlexp(—BH) A1/Trexp(—BH)], Aes  (5.14)
It is clear that, for any function f on X,

#(D()) = g a(S) (5.15)

where p; , is the state defined by (4.1c). In the limit as f — oo we have
Mg~ li,, Where

U (A)=Tt[PoAl/Tr[P,], Ae.t (5.16)

where Py:= Y, e, is the projection onto the eigenspace of J#, corre-
sponding to the eigenvalue 0.

A classical simulated annealing algorithm is determined by a family of
transition probability functions g4(-, -), fe (0, o), satisfying assumptions
(i)-(iv) and by a cooling schedule B(-). The corresponding quantum
simulated annealing will be determined by the same cooling schedule S(-)
and by a family {V;} of elements of .# defined as follows. Let

Fi={j:=(xy)x, yeX x<y, qpx, y)#0} (5.17)
[independent of § by (iii)], and define
V= gpn0) ey i j=(x ) (5.18)

Note that if g4(-, -) is as in Example 1, then V; is independent of f. Then
we have

[H,V]=—wV, jes (5.19)
where
w;=U(y)-U(x) (=0) if j=(x,y) (5.20)

For each positive B, define L; by
Lya)i= 3 {(VPAV,—3[V}V,, 4],)
Jjes

+exp(—pw)(V, AV =3[V, VF, A1,)} (5.21)
Ly satisfies the quantum detailed balance condition with respect to .

Proposition 5.1. For any complex-valued function f on X, we
have

Lo(D(f))=D(Ly(f)) (5.22)
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where L, is given by (5.21) above and where L, , is the classical generator
given by (4.12).

Proof. We have
Lﬂ(D(f))z Z Z {(Vj*ezzl/j— %[I/]*I/j’ ezz]+)
+ eXp( —-ﬁWf)(I/jezz Vj* - %[ I/_] Vj*s ezz] + )} f(Z)
= Z Z {qﬂ(y’ x) eyy(ézx—_ézy)

X, vix<yzekX

+expl—(U(y) — Ux) 1 g4y, X) €..(8,,—8..)} f(z)

Changing x into y and y into x in the first line and recalling (4.6), we
obtain

LD()= Y { T apn ML) — ()]

xeX \yiy<x

+ 2 exp[—B(U(y)— U(x))1 gp(», x)[f(y)—f(x)]} €xx

yiy>x

=Y ¥ gsx ) - f(x)] e,

xeX yiy#Fx

:D(Lp,cl(x)) |

The generator G, on K corresponding to —L,; can be written as
Gs=Gy— G}, where

Ghu=3 ¥  q5x »)lew ], (5.23)
Ghu= Z {exp[ = B(U(y) — U(x))/2] g4(x, y)
x (e, ue., +e. ue, )} (5.24)

The classical generator G, corresponding to — L, , can be obtained by
D(Gy .(f))=Gy(D(f)) for all f.

The estimates on the spectral gap for G4 can be obtained as follows.
Let I',, I';, m be the constants such that the spectral gap I",(f) for G, ,
satisfies

Fie ML y(B) < Mpe™ (5.25)
Let / be the maximum energy gain in one step:

[:=max{U(y)—Ulx):x, ye X, x < y, g5(x, y) >0} (5.26)
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Theorem 5.2. Let
m* .= max{m, [} (5.27)
*:=min{ly, a,} (5.28)

where o, > 0 has been introduced in assumption (iii) of Section 4. Then the
spectral gap I'(B) for G, satisfies the bound

T*e=F"" < [(B) < Tpe ™ (5.29)

Proof. Let F be the orthogonal projection of 4" onto the subspace of
diagonal matrices, given by

Fu=Y e, ue,., ueA (5.30)
xekX
We have, clearly,
GSF=FG}, GF=Gy=FGj (5.31)

so that both Fx# and (1—F)X are globally invariant under S?=
exp(—Gyt). On Ft~ the generator G, coincides with the classical generator
G- On (1 —=F) A, G reduces to G—(ﬂ’. Note that Gg is strictly positive and
satisfies the bound

G%;min{ Y gulx, y)}

xekX Yy

>min{e‘ﬂ’ > max{qﬁ(x,y),qﬁ(y,x)}}w"ﬁ'al (532)

xeX Viysx

since, for any given x, at least one g4(x, y) (y # x) must be nonzero, by
irreducibility of gg4(-, -). The conclusion follows. |

From the above discussion we can conclude that the same results as
in Theorems 4.1 and 4.2 [cases (a) and (b), respectively] hold also in the
present quantum framework, provided m is replaced by m*. This conclu-
sion is formulated as follows.

Theorem 5.3. Suppose that assumptions (i)—(iv) of Section 4 hold.
Let B(s;)=(1/c)log(s,+1), k=1, 2,.., where ¢>m*. Let L; be given by
(5.21). Then, for any state u’ on .# = M(N, C) we have in case (a)

lim p/(T9---T/(A4))=0  forall 4such that u_(4*4)=0 (5.33)

n— o

and in case (b)
lim p/(T% .- Ti(A))=p,(4) forall4 (5.34)

B - 00
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APPENDIX
Here 1 prove the inequality
e Py le ?m

Since this is a slight generalization of Lemmas 2.3 and 2.7 of ref. 19, I shall
assume that the reader is familiar with those proofs and shall insist only on
the (minor) changes that 1 have introduced. Recall that

Eg(f, )= Y ex, YIfx)—fP fed

x,yeX

where

ep(X, y) expl — BH(x)] g5(x, y)

1
T 2NZ(B)
=ep(y, x), x,yeX

Upon defining (as in ref. 19)
Varg(f) := py(lf = us()I?)
=[2N°Z()’1" 3 exp[—B(H(x)+ H(yNT 1/ (x) = f(»)I?

x,yeX

we have
T(By=inf{E4f, f)/Varg(f): fe M, Vary(f) #0}
Then we have to prove the following inequalities:

Var ()< Ce™Eg(f, f),  fedl, Be(0, o) (A.1)

for some constant C (to be identified with 1/I';), and
Ey(F, F) < I'ye P"Vary(F), pe(0, o0) (A.2)
for some function Fe .#.

Proof of (A.7). For any pair x, y of points in X, choose a path p™
from x to y on which m(x, y) is attained. The length n(x, y) of any path
is bounded above by some number (say) #. For z, w in X, let!"

1 if, for some i, p7* =z and p7 | =w
Lol X5 y) 1= { Pis

0 otherwise
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[%..(x, y) depends also on the path p* chosen]. Then, as in ref. 19, we
have

1

Varsl ) =gyazgy L kel 2) 1) = SO0

xexpl—p(H(x)+ H(y))] (A3)

Multiply and divide each nonzero summand in (A.3) by e4(z, w). [Note
that if ey(z, w)=0, then also yx,,(x, y)=0]. Writing eg(z, w) as
[2NZ(B)]~ ' exp[—BH(z)]1 g4(z, w) and recalling that, for the path
chosen, H(p?)— H(x)— H(y) <m(x, y) <m, we obtain

L% ¥) eXpL — B(H(x) + H(y))] _ exp(Bm) 1.,.(x, ¥)
AN?Z(B)? eg(z, w) = NZ(B) gz w)

(A4)

Similarly, writing eg(z, w) as [2NZ(B)]~ ' exp[ —BH(w)] g4(w, z) and
recalling that, for the path chosen, H(p7} ) — H(x)— H(y)<m(x, y)<m,
we obtain

XX, ¥) eXpL —B(H(x) + H(y))] _exp(Bm) x.,.(%, ¥)
IN?Z(B) eplz, w) = NZ(P) gs(w, 2)

(A.5)

It follows from assumption (iii) that
min{1/gs(z, w), 1/g,(w, 2): gz, w) #0} < 1/a,

Then we insert into (A.3) the more restrictive of the inequalities (A.4) and
(A.5), and recall that Z(f) =1lim, _, ,, Z(f) = card(S°)/N. So we obtain

Sy ) eslaw)
—_— X W
card(SO)mz,ngx,yexxz’w »Yens

x| f(z) = f(w)I?

Since X is finite, 3., , .y X,.,(X, ¥) is bounded by a constant, independent
of z, w, and B. Then (A.1) follows, with

Vary(f) <

Ciz [n max T 7,05 y)] / [card(s®) o,] I

z,w
X, ¥y

Proof of A.2. Let x, y be two points such that m(x, y)=m. Let 4 be
a subset of X containing y and not containing x, and let F be its indicator
function. Then

Vary(F) > [N?Z(B)*1~" exp[ — B(H(x)+ H(»))] (A.6)
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On the other hand, we have

EyF, F)=[NZ()]1 ' ¥ X exp[—BH(z)]qp(z, w)

z¢ A wed

<u[NZ(FT™ ) exp[—BH(z}] (A7)

z¢ A,we Aigg(z,w) >0

Recalling that Z(f) <1, we obtain from (A.6) and (A.7)

E4(F, F)/Varg(F) <o, N Y exp[ —B(H(z) — H(x) — H(y))]

¢ Awe A:gplz, w)>0
It foliows from ref. 19, Lemma 2.3, that we can choose 4 such that
H(z)— H(x)— H(y)=zm(x, y) for z¢A, wed,qyz,w)>0
By assumption, m(x, y)=m. Then we obtain
E4(F, F)/Varg(F)<oyNe P card{(z, w): z¢ A, we 4, q5(z, w) >0}  (A8)

Since X is finite, the cardinality of the set in (A.8) is some finite constant,
which is independent of f by assumption (iii). The claim follows. §
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